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CHAPTER I

1. INTRODUCTION

1.1 Introduction
Fiber reinforced polymer (FRP) composite materials has become one of the most
commonly used material for strengthening reinforced concrete (RC) structures [1, 2].
Experimental and theoretical studies on externally bonded FRP reinforcement (EBR) to
RC structures showed a significant improvement in flexural stiffness, load carrying
capacity and ductility. Nevertheless, usage of the EBR method has some design-related
issues. A noteworthy concern in design is considering the failure modes due to
delamination - plate-end (PE) debonding and intermediate crack-induced (IC) debonding,
apart from the conventional failure modes – FRP rupture, crushing of concrete, concrete
cover separation and yielding of steel before concrete crushing [2]. In recent years, more
attention has been given to address the delamination failure.
Plate-end debonding occurs due to flexural and vertical shear deformations of a
beam, involves separation of the FRP plate at or near a plate end. Considerable research
[3-11] has been directed to investigate the plate end debonding. To avoid or delay plate
end debonding, suitable anchorage systems were proposed by different researchers [121

14]. Anchorage systems were able to improve not only the strength, but also the ductility
of the structure [15] and effectively delay plate end debonding. However, providing
mechanical anchors to pre-cracked beams in some scenarios has adverse effect in strength
and also induces complex interfacial stresses affecting design assumptions.
Intermediate crack-induced debonding initiates near the interface of FRP and
concrete substrate, wherever a flexural or flexural/shear crack intercepts the FRP plate.
As the applied load increases, the IC interface crack rapidly propagates towards the plate
end, causing a brittle failure. The IC debonding was found to be a more significant failure
in single-span simply supported FRP plated reinforced concrete structures, due to a high
shear span-to-depth ratio and usage of a thin FRP plate [16]. Although IC debonding is
the important failure mode, there is little research [17-20] focused on this debonding
behavior. Considering a single crack, Niu and Wu [17], Teng et al [18, 19] proposed
analytical models assuming that shear stress transfer near flexural cracks is similar to that
of simple shear tests. Aeillo and Ombres [20] developed a model based on momentcurvature relationships by considering a beam element between two adjacent cracks
subjected to constant bending moment. All of these models [17-20] neglect the
normal/peeling stresses where the interfacial normal stresses account for the vertical
deformation compatibility between the bonded plate and the beam. The research focus of
this study is on plate-end debonding.
1.2 Problem Statement
For the last decade, many studies focused on determination of interfacial stresses
for the beams bonded with FRP plates. Smith and Teng [21] presented a comprehensive
review of the available models and finally proposed a new model considering the
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drawbacks of the reviewed models. Recent studies [22, 23, 24, 25] provided more
accurate and improved solutions for interfacial stresses in which adherents shear
deformations are taken into account. Most of these studies [21, 22, 23, 24, 25] developed
interfacial stresses, at the interface considering a differential segment of a plated element.
In practice, the failure in the concrete occurs at a few millimeters away from the
adhesive-concrete interface. In effect of that, this study develops a novel approach based
on the principles of the theory of elasticity to investigate PE debonding failure mode. A
failure criterion is suggested to prevent the PE debonding while assessing the flexural
strength of the strengthened concreted beam.
1.3 Scope and Objectives
The main objective of this research is to develop design guidelines for FRP
strengthened RC structures by proposing a PE debonding failure criterion. The detailed
objectives are as follows:
(1)

Propose a simple stress state criterion for PE debonding in terms of maximum
principal stress and concrete tensile strength.

(2)

Determine the expressions for critical shear stress and critical normal stress on a
small element in concrete substrate as a function of the interfacial shear stress and
interfacial normal stress distribution by using the elasticity theory.

(3)

Considering the transformed stress state, obtain expressions for maximum
principal stress as a function of critical shear stress, critical normal stress and
flexural stress.

(4)

Propose a new design method to FRP strengthened RC structures for flexure
design.
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(5)

Conduct parametric study on effective stress transfer length.

(6)

Investigate the performance of existing interfacial shear stress and interfacial
normal stress expressions by applying the proposed criterion.

(7)

Perform regression analysis on experimental data to estimate the strength
coefficient that modifies the concrete tensile strength.

1.4 Outline of the Dissertation
Chapter II provides a brief review on the history of FRP application in the civil
engineering industry, FRP material properties, failure mechanisms, existing design codes,
existing interfacial stress models and existing effective stress transfer length expressions
from the literature. Chapter III contains mathematical framework on the derivation of the
proposed plate-end debonding failure criterion. Chapter IV presents the criteria in
collecting the experimental database, conducts a parametric study on effective stress
transfer length, and compares the proposed criterion to estimate the strength factor for
tensile strength of the concrete. Chapter V summarizes and concludes the work.
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CHAPTER II

2. BACKGROUND AND LITERATURE REVIEW

2.1 History and Usage FRP of Materials
In the US, around the 1940s, the polymer-type reinforced resin matrix material
was first developed [26]. After World War II, most of the applications of fiber polymers
were narrowed to military and aerospace fields’ usage. The first commercially developed
composite product was a boat hull in marine fields. Early in the 1960s, the usage of fiber
polymers succeeded in structural applications due to its non-corrosive properties.
Structures exposed to aggressive chemical environments like bridges and sea walls were
reinforced with glass fiber reinforced polymers instead of an epoxy coated reinforcing. In
the 1970s, with improved plastic materials, advance polymer composite (APC) materials’
usage in automobile industries exceeded marine markets. In the civil engineering industry,
the advanced polymer composites (APC) are referred to as fiber reinforced polymers
(FRP). The chronological usage of advanced polymer composites is shown in Figure 2.1.
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Figure 2.1 Chronological Usage of Advanced Polymer Composites
6

FRP strengthening gained popularity due to the high strength to weight ratio and
easy installation of FRP materials. For strengthening of structures, the bonding of steel
plates to the soffits of reinforced concrete beams was replaced by FRP materials. Due to
the increase in usage of FRP materials for strengthening needs, many companies
commercialized the FRP materials in the form of aramid FRP, glass FRP and carbon FRP
[27].
During the 1970s and 1980s, many projects using FRP as reinforcing
infrastructures were performed in Europe and Asia. The composite institutes stated that
the transportation industry acquired about 31% of the market share, and FRP were mainly
used for maintenance and rehabilitation of existing concrete infrastructures [28]. In the
civil engineering industry, FRP is used to improve the strength of the existing structures.
Some of the applications involved: (a) improving the shear capacity of the beams, (b)
improving flexure capacity of the beams, (c) improving compression capacity of columns
and (d) strengthening of masonry wall for blast mitigation, which are shown in Figure 2.2,
Figure 2.3, Figure 2.4 and Figure 2.5, respectively. This research is related to flexural
strengthening of beams using externally bonded reinforcement (EBR) system.
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Figure 2.2 Shear Strengthening of Reinforced Concrete Beams
8

Figure 2.3 Flexure Strengthening of Reinforced Concrete Beams
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Figure 2.4 Strengthening of Column in Compression

Figure 2.5 FRP Usage in Blast Mitigation
Source: http://fyfeeurope.com/en/data/comprehensiveForceProtectionBrochure.pdf
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2.2 FRP Material Properties
FRP composite material has numerous advantages compared to conventional
materials. FRP materials’ properties of high strength-to-weight ratio and stiffness-toweight ratio along with corrosion resistance property have made them highly suitable for
rehabilitation/retrofitting applications. Figure 2.6 and Figure 2.7 show the elastic and
strength properties of FRP composite materials compared to conventional materials,
respectively [29]. Table 2.1 shows specific gravity, ultimate tensile strength, and Young’s
modulus of conventional metal materials, three types of fibers, and FRP composite
materials. This research focuses on carbon fiber reinforced polymer sheets (CFRP).

Figure 2.6 Elastic Modulus Properties of FRP Composites Compared with Conventional
Materials [29]
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Figure 2.7 Strength Properties of FRP Composites Compared with Conventional
Materials [29]

Table 2.1 Properties of Typical Polymer Fibers and Conventional Materials
Young’s
modulus
(GPa)
207

Steel

7.8

Ultimate
strength
(MPa)
648

Aluminum

2.6

276

69

Graphite fiber

1.8

2067

230

Aramid fiber

1.4

1379

124

Glass fiber

2.5

1550

85

Unidirectional graphite/epoxy

1.6

1500

181

Unidirectional glass/epoxy

1.8

1062

39

Specific
gravity
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2.3 Failure Mechanisms
Many experimental studies observed that FRP strengthened RC structures fail in
different number of modes. Hollaway and Teng [2], classified the different failure modes
as follows: (i) crushing of compressive concrete, (ii) FRP rupture, (iii) concrete cover
separation, (iv) plate-end (PE) debonding, and (v) intermediate crack-induced (IC)
debonding. Oehlers and Seracino [30], apart from the PE debonding and IC debonding,
identified a different form of debonding mechanism as critical diagonal crack debonding.
Figure 2.8 shows schematic illustration of different failure modes of FRP strengthened
RC structures.
Also, ƒib Bull 14 [31] classifies debonding as: (i) peeling-off (localized
debonding confined to a small length (0.08 in.) between concrete and FRP, (ii) cohesion
failure (debonding in adhesive only), (iii) adhesion failure (bond failure at the interface
between adhesive and concrete or adhesive and FRP), (iv) interlaminar shear failure
(debonding inside the FRP between fibers and resin). ƒib Bull 14 [31] further classifies
peeling-off as peeling-off in an uncracked anchorage zone (PE debonding), peeling-off
caused by flexural and shear cracks (IC debonding) and peeling-off caused by
unevenness of the concrete surface. The main focus of this research is to propose a simple
criterion for PE debonding failure mode.
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Figure 2.8 Failure Modes in FRP Strengthened Reinforced Concrete Structures [2, 30]
14

2.4 Review on Design Code Provisions on FRP Strengthened RC Structures for
Flexure Design
Substantial research works have been done in the area of Fiber Reinforced
Polymer (FRP) laminates for strengthening concrete structures. A comprehensive set of
guidelines, recommendations or reports have been developed by different organizations
from different countries on concrete structures externally bonded with FRP laminates.
Although the knowledge on FRP materials and their applications has been exchanged
through international conferences to develop these guidelines [31-38], each report or
recommendation is distinct in considering strength reduction factors, resistance factors,
environmental factors, failure modes and ductility provisions. Each organization uses
different design equations to estimate flexural capacity, development length and FRP
debonding/peeling limits. The main aim of this section is to discuss failure modes
considered for flexural design in design codes from several countries.
Although design guidelines use different safety factors, the approach to evaluate
the strength contributed by FRP is almost identical in all of them. Ultimate strength for a
governing mode of failure must satisfy strain compatibility and force equilibrium. To
evaluate the effect of FRP external reinforcement at serviceability, transformed section
analysis can be used. Different types of failure modes addressed by several codes,
presented in Table 2.2. Although a significant increase in strength can be achieved
through externally bonded FRP, failure governed by debonding, limits the degree of gain
in strength.
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Table 2.2 Summary of failure modes addressed by various FRP design codes/reports.
Code

Failure

Debonding of FRP

modes
addressed
ACI 440.2R-08 [32] (USA)

a, b, c, d, e

Prevented by limiting strain level in FRP
and providing sufficient anchorage length

NCHRP Rpt 655-10 [33] (USA)

a, b, c, d, e

Prevented by limiting strain level in FRP

ISIS CDM No.4-01 [34]

a, b, c, d, e

Assumed that it can be prevented by

(Canada)

providing sufficient anchorage or bond
length

ƒib Bull 14-01 [31] (Europe)

a, b, c, d, e

Prevented by limiting ultimate strain,
limiting maximum tensile stress in FRP
and providing sufficient anchorage length

JSCE-01 [35] (Japan)

a, b, c, e

Prevented by limiting maximum tensile
stress in FRP and providing sufficient
anchorage length

CNR-DT 200/04 [36] (Italy)

a, b, c, e

PE debonding is prevented by providing
optimal bond length, IC debonding is
prevented by limiting maximum strength
in FRP

CS TR55-2000 [37](UK)

a, b, c, e

Prevented by limiting longitudinal shear
stress between FRP and the substrate,
providing sufficient anchorage length and
limiting ultimate strain in FRP

CECS 146:2003 [38](China)

a, b, c

Assumed to be prevented

(a) Crushing of concrete in compression before yielding of the reinforcing steel; (b) Yielding of steel in
tension followed by rupture of the FRP laminate; (c) Yielding of steel in tension followed by concrete
crushing; (d) Shear/tension delamination of the concrete cover (cover delamination); (e) Debonding of the
FRP from the concrete substrate (FRP debonding).

Currently, many design codes/specifications/guidelines around the world consider
classical failure modes (a), (b) and (c) while designing a FRP strengthening scheme and
16

providing limiting equations to avoid debonding. In fact, literature on experimental
studies conducted on FRP strengthened beams designed as per code provisions were
reported to have premature (debonding) failures instead of concrete crushing or FRP
rupture. Hence, debonding failure mode has become a growing concern in the FRP
research community. This research focuses on proposing a PE debonding failure criterion
to develop a design guideline for flexure design.
2.5 Existing Critical Stress State Criterion on Single Pull-out tests.
This section briefly presents the previous research that predicts the bond strength
from single pull-out tests through a simple stress state criterion. The criterion for a single
pull-out test is developed using a interfacial fracture energy, Gf.. Interfacial fracture
energy, Gf can also be defined as the work done or energy released during the formation
of crack front. Due to the relatively smaller size of the specimens used in laboratory than
at site, the model developed based on fracture energy is not applicable directly to
practical applications. The criterion developed in this research uses theory of elasticity to
a four point bending test to address the plate-end debonding failure mode.

Figure 2.9 Sketch of single pull-off test for FRP to concrete [39]
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In the preceding research, the FRP‒concrete bond system is tested and examined
using a simple experimental test, a single pull-out test as shown in Figure 2.9. The bond
strength is predicted as the maximum transferable load Pmax by using empirical and/or
theoretical models. As parameters, material properties, thickness t, elasticity modulus E,
Poisson’s ratio ν, and width b, are used with subscripts of c, p, and a for concrete, FRP,
and adhesive, respectively. In the test, the direct tensile force Papp is applied to the FRP
sheet bonded to concrete substrate. The bond edge close to the loading end and the other
end are denoted as the loaded end and the free end, respectively.
The applied load Papp is transferred to the surface of concrete substrate as the
interfacial shear stress τ through FRP and adhesive. At the complete failure of the
composite material, the maximum of Papp is recorded as Pmax. The fundamental
expression for Pmax was derived as a function of the interfacial fracture energy Gf and
material properties as shown [40],
Pmax  b p 2E p t p G f

(2.1)

where bp, Ep, and tp are the width, Young’s modulus, and the thickness of the FRP sheet.
The interfacial fracture energy is defined as the work done by the interfacial shear
stress until the complete separation of the FRP sheet from concrete. The expression is
determined by integrating the interfacial shear stress τ(s) from s = 0 to s = ∞, which
represents the FRP displacement or the FRP local slip. To establish the relation of τ(s), a
non-linear expression proposed by Popovics [41] was implemented by Nakaba et al. [42].
In this study, an upper limit of 0.42 mm [43, 44] is adopted. The modified expression for
the interfacial fracture energy is obtained as [39],
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Gf 

3 max
s0



0.42

0



1
s
ds
 2  s s 0 3 

(2.2)

where τmax is the maximum interfacial shear stress and s0 is the corresponding local slip.
The FRP debonding is considered as the fracture process in the concrete substrate
due to the critical local stress at a certain depth. The stress state on a small element in the
substrate is induced by the interfacial shear stress at the adhesive‒concrete interface. As
the applied load increases, the interfacial shear stress reaches a maximum value of τmax,
which yields the critical stress state in the concrete substrate initiating the failure.
In general, the concrete substrate failure at a few millimeters below the
adhesive−concrete interface is agreed to be the major factor of debonding. The
experimental results confirmed that a thin concrete layer of 1 to 5 mm was attached to the
debonded FRP strips [45]. Assuming the concrete failure as the debonding, a failure
initiation criterion can be expressed as
σ e,ds  fb

(2.3)

where σe,ds is the stress state of an element in concrete substrate at a depth t and a distance
d away from the loaded end and fb is the limit bond strength. Assuming tensile failure of
the element, concrete tensile strength expressed as 0.53√fc’ in units of MPa [46] can be
applied for fb, where fc’ is concrete compressive strength. With the implementation of ft,
the criterion in Equation (2.3) is confirmed through a direct pull-out test. Figure 2.10(a)
and Figure 2.10(b) show the sketch of a direct pull-out test [39] and the aluminum test
cylinder with a lump of concrete, respectively.
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Figure 2.10 Sketch of direct pull-out test and debonded cylinder [39]

2.6 Existing Interfacial Stress Models
This section briefly presents the expressions for interfacial shear and interfacial
normal stresses used in the later sections. Several studies approximated the interfacial
stresses developed at the bonded interface considering differential segment of a plated
element as shown in Figure 2.11. Initially, many investigations have developed [47, 48]
interfacial stresses for reinforced concrete beams bonded with steel plates. Later, these
approaches were extended [5, 49] and have been employed to investigate the interfacial
stresses for reinforced concrete beams strengthened with FRP. Since then, to provide an
improved solution, many theories [21-25] have been developed to study the effect of
axial deformation, bending deformation and shear deformation.
In subsequent sections of this research study, three models [21, 22, 25] were
investigated to address PE debonding failure mode. Figure 2.12 shows typical interfacial
stresses for PE debonding. The interfacial shear stress and interfacial normal stress
equations proposed by Guenaneche [25] are not presented in the current review due to
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complexity in equations. However, the expressions from Smith and Teng [21] for
interfacial shear stress and interfacial normal stress are as follows:
τ(x)  B1 cosh( x )  B2 sinh( x )  m1 VT ( x ) .

where,







λ2 

Gabp  yc  y p yc  y p  ta
1
1 

,


ta 
Ec I c  E p I p
Ec Ac E p Ap 

m1 

Ga
t a 2

 yc  yp 

 , and
 Ec I c  E p I p 



B1 and B2 are constants determined from appropriate boundary conditions.

Concrete

FRP

Figure 2.11 Forces in infinitesimal element of a soffit-plated beam.
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(2.4)

Figure 2.12 Typical interfacial shear and interfacial normal stresses along bond interface.
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(x)  e  x C1 cos x   C 2 sin x   n 1

d(x)
 n 2q .
dx

(2.5)

where,

4

n1 

n2 

Ea bp  1
1


4 t a  E c I c E p I p

y c E p I p  y p Ec I c
Ec I c  E p I p
Ep Ip
Ec I c  E p I p


,



,

, and

C1 and C2 are constants determined by using appropriate boundary conditions.
Tounsi [22] modified the interfacial shear stress expression from Smith and Teng
[21] considering the shear stiffness of both concrete and FRP, apart from the shear
stiffness of adhesive. The interfacial shear stress from Tounsi [22] is given by:
τ(x)  B1 cosh( x )  B2 sinh( x )  m1 VT ( x )

where,







 yc  y p yc  y p  t a
1
1
λ 2  K1 b p 



Ec I c  E p I p
Ec Ac E p Ap

m1 

K1 

K1  y c  y p
2  Ec I c  E p I p


,




,



1
 ta
tp 
t


 c 
 G a 3G c 3G p 



, and

B1 and B2 are constants determined from appropriate boundary conditions.
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(2.6)

2.7 Existing Effective Stress Transfer Length Expressions
Effective stress transfer length (ESL) Le can be defined as a part of bonded length
along the FRP-concrete interface, where the interfacial stresses is dominant influencing
the ultimate failure load. As the crack propagates, the bond zone shifts along crack
propagation from crack intiation edge. Many studies [50-59] have proposed expressions
for effective length based on specific sets of experimental observations. Most of the
existing expressions [60-63] for effective length were derived by conducting single pullout tests. Teng and Chen [19] tried to correlate the IC debonding to the expression
derived from a single pull-out test with a suitable modification factor. Wu and Niu [63],
through a detailed analytical study on interfacial stress transfer in FRP strengthened
beams, proposed an effective length analogous to the one predicted from single pull-out
tests.
Given the expressions for effective length from different authors, in order to study
the effect of different set of parameters on effective length, the expressions are classified
based on material parameters used to derive the expressions. Expressions for effective
length, considering (a) only axial stiffness (Eptp) of the FRP laminate, (b) the axial
stiffness (Eptp) of the FRP and compressive strength of concrete (fc’), (c) the axial
stiffness (Eptp) of the FRP, compressive strength of concrete (fc’), reinforcement ratio (ρ)
and modular ratio (n) of FRP to concrete, and (d) the axial stiffness (Eptp) of the FRP,
compressive strength of concrete (fc’) and shear stiffness of adhesive (Ka) are categorized
and summarized in Table 2.3. The expressions presented in this section are derived from
different parameters, defined by the modulus of elasticity of the FRP laminate, Ep (in
MPa), the thickness of the FRP laminate, tp (in mm), the compressive strength of the
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concrete, fc’ (in MPa), the shear modulus of the adhesive, Ga (in GPa) and the thickness
of the adhesive, ta (in mm).
Table 2.3 Summary of effective length, Le proposed by different researchers.
Authors
Expression (mm)
(a) Effective bond length considering only the axial stiffness (Eptp) of the FRP
Maeda et al. (cited in [50])*
6.134 - 0.58 ln( E p t p )
Le = e
.
Miller & Nanni [51] *
Le = 0.432( E pt p )  94.3 .
Sato et al. [52, 53, 54]

Le = 1.89( E pt p )0.4 .

Wu & Niu [63]*

 Ep tp

Le = 150  50 * 
 1
 25.53 

Iso Model (cited in [55])

Le = 0.125( E pt p )0.57 .
(b) Effective bond length considering the axial stiffness (Eptp) of the FRP and
compressive strength of concrete (fc’)
2
Neubauer & Rostasy [56]
Ep tp
f c' 8  3

Le =
; ft = 1.4
 .
2 ft
 10 
Chen & Teng [57]
Ep tp
Le =
f c'
Kanakubo et al. [58]

Le = 0.7
Mongi et al. [59]

 f c ' 0.2

Le = 0.012

Karbhari & Niu [60]
Le =

Ep t p

Ep t p
fc'

0.6485 E p t p

 f c ' 0.095

(c) Effective bond length considering the axial stiffness (Eptp) of the FRP,
compressive strength of concrete (fc’), reinforcement ratio (ρ) and modular ratio
(n) of FRP to concrete.
Ulaga et al. [61]
Ap
Ep
 0.5625 E p t p
; n
; 
Le =
2
Ac
Ec
2 1  n  f '  3
c
(d) Effective bond length considering the axial stiffness (Eptp) of the FRP,
compressive strength of concrete (fc’) and shear stiffness of adhesive (Ka)
0.38
Ueda et al. [62]*
38.1 E p t p
G
Le =
; Ka  a .
0.657
0.118
ta
K a   f c ' 





*The unit for the modulus of elasticity of the FRP laminate, Ep is in GPa.
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CHAPTER III

3. ANALYTICAL MODELING OF PLATE END DEBONDING

3.1 Critical Stress State Criterion for Debonding in Four Point Bending Load Case
To examine the bond system of FRP-to-concrete for flexural strengthened
structure, a four point bending test is widely adopted due to its simplicity. In the test,
mechanical properties of FRP, concrete substrate, and adhesive are considered as
important parameters. In this study, thickness and tensile young’s modulus of elasticity
are denoted as t and E with subscripts p for FRP and a for adhesive. The FRP strip with
the width bp is attached to the soffit of the beam. The loading configuration parameters
shown in Figure 3.1 are described by the width of the beam, b, the overall depth of the
beam, h, the distance from the compression face to the centroid of tension side steel, d,
the distance from the compression face to the centroid of compression side steel, d’, the
distance from the support to the nearer end of the soffit plate, a, the distance from the
support to the nearest point load from the applied load, B, the span of the beam, L and the
applied load, Q.
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Figure 3.1 Four Point Bending Loading Configuration
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In plate-end debonding, the FRP plate separates at or near a plate end. The crack
propagates from the plate end towards the center of the beam, as shown in Figure 3.1.
During crack propagation, only a part of the interfacial stresses at the interface
contributes to the bond strength [19]. This bonding zone, along which most of the
interfacial stresses are transmitted into the concrete, is called effective stress transfer
length or effective bond length or simply effective length, denoted by Le. Effective bond
length proposed by different researchers is discussed in chapter 2. The applied load Q is
transmitted to the concrete substrate near the bond interface as interfacial shear and
normal stresses with the distribution function of τ(x) and σn(x), respectively along the
effective bond length, Le. For simplicity, to identify a small element in the concrete
substrate, the edge of the plate end is denoted as the leading edge and far from the leading
edge up to which the interfacial stresses are dominant, Le is denoted as the trailing edge.
Several studies in their bond strength models [29, 64, 65, 66] considered that
crack propagation at the bond interface starts at a certain depth in the concrete substrate.
Yao et al. [45] reported, through experimental studies, that a thin concrete layer attached
to the debonded FRP strip and confirmed that its thickness is in the range of 1 to 5 mm.
Thus, it is assumed that the initial fracture in FRP debonding occurs in the concrete
substrate elements below the bond interface at depth t and away from the leading edge at
distance d (Figure 3.2). For maximum flexural strength, the maximum principal stress
state on the small element in the concrete substrate should not exceed its modified tensile
strength of concrete ft, and the failure criteria can be simply proposed as

σ 1,d   f t
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(3.1)

where σ1,d = the maximum principal stress on a small element of concrete substrate at
depth t from the interface and distance d from the leading edge; α = strength factor
determined from regression analysis.

Figure 3.2 Transformed Stress State of Small Concrete Element
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The tensile strength of concrete in the unit of MPa can be obtained from the ACI
code [46] as a function of the cylindrical compressive strength fc’ (MPa) given by

f t  0.53 f c '

(3.2)

The maximum principal tensile stress on a small element is found by considering
the biaxial stress state of the element and is given by [67]

σ 1,d 

σ x  σ ne,d 
2

 σ x  σ n e,d
 
2


2


  τ e,d 2 .


(3.3)

where σx = the bending stress determined from flexural analysis; σn-e,d and τe,d are the
critical normal stress and critical shear stress, respectively, discussed further in the
subsequent sections of this chapter.
3.2 Stress State in Concrete Substrate Induced by Interfacial Shear Stress and
Interfacial Normal Stress
The elasticity theory derives the stress state on an element in the material
subjected to both horizontal and vertical loads acting at the surface. The expression for
the stress state, denoted dσ, is obtained as follows [67];
dσ 

2 dH
2 dV
sinθ 
cosθ
πr
πr

(3.1)

where dH = the differential horizontal force on the material surface; dV = the differential
vertical force on the material surface; r = the radial distance from the load applying point
to the considered element; θ = the angle measured from the vertical line to the radial line
with the loading point as the origin in anti-clockwise positive.
For the four point bending test, the expedient concentrated horizontal and vertical
loads at a point are assumed as τ(x)dx and σn(x)dx, respectively. By these forces, a
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differential stress, dσe, is induced perpendicularly to a plane of a square small element in
the concrete substrate shown in Figure 3.3.

Figure 3.3 Stress State in Small Element Induced by differential shear and normal
stresses at the interface
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The differential stress on the element, dσe, induced by horizontal and vertical
loads at any point along the bond length, can be given by
dσ e 

σ x  dx
τ x  dx
1  cos 2 θ 
sin 2 θ  n
πt
πt

(3.2)

where t = distance between the bond interface and embedded fracture surface; θ = the
angle measured from the vertical line of an arbitrary x position to the radial line in anticlockwise positive. It is noted that the positive differential stress means tensile stress.
3.3 Transformed Stress State
On the same small element, the infinite number of the differential stresses with
different magnitudes and directions are superimposed due to consecutive horizontal and
vertical loads on the concrete substrate surface. A conceptual interfacial shear and normal
stress distributions along the length of a bonded FRP laminate are shown in Figure 2.12.
The interfacial stresses from Equation (3.2) are complex as shear and normal stresses are
coupled. Assuming the FRP plate and the concrete beams have the same curvature [23],
the shear and normal stresses can be uncoupled.
For the critical stress state, all differential stresses are transformed with Mohr’s
principle on to a certain plane, denoted as the critical plane. On an element at distance d
from the leading edge and at depth t, the uncoupled critical shear stresses τe,d and critical
normal stresses σn-e,d can be expressed as
τ e,d  0Le

σ n e,d  0Le

τ x 
1  cos 2 θ1  sin 2 θ2 dx
2 πt

σ n x 
1  cos 2 θ1 1  cos 2 θ 2  dx
2 πt
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(3.3)

(3.4)

where θ1 = the transformation angle; θ2 = tan-1│x – d│/t; Le.= effective bond length. Each
differential stress is transformed to the critical plane by rotating its plane at θ 1 with
Mohr’s stress transformation principle. The critical plane is determined as one with the
critical differential stress, which is the angle θ = π/4. When no plane with such angle
exists, the plane with the differential stress by loads at the leading edge would be critical.
Therefore, the expression for θ1 is given by

θ 2  θ 3 , d  t

θ1  
π
θ 2  4 , d  t

(3.5)

where θ3 = tan-1 (d/t). In the case d < t, the considered element is relatively close to the
leading end (Figure 3.4a) and in the case d ≥ t, the critical differential stress is evaluated
with θ2 ≥ π/4 (Figure 3.4b).
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Figure 3.4 Transformed Stress State on Small Concrete Element from
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3.4 Design Approach Using Proposed Criterion
Currently, many design codes/specifications/guidelines around the world developed
design methods for FRP strengthening RC Structures. Figure 3.5 illustrates the ACI code
[32] design method for flexural strengthening of an RC beam with FRP laminates. For a
structural member, in order to safely take certain level of load, ACI code [32]
recommends a strengthening limit to qualify for FRP strengthening as follows:

(R n ) existing  (1.1SDL + 0.75SLL ) new
where,

and

(3.6)

are anticipated dead and live load effects, respectively.

ACI code considers a dead load factor of 1.1 and live load factor of 0.75,
attributing to fact that estimation of dead load on a structure compared to live load can be
assessed more accurately. A live load factor of 0.75 is suggested by ACI code to exceed
the statistical mean of yearly maximum live load factor of 0.5 as per ASCE 7-05
provisions. Nevertheless, the strengthening limit does not consider the design life of the
structure. For a structure with a design life of 50 years, the live load factor at any
arbitrary point in time can be determined as follows [68]:
n

 Ln = 1.0 1   ln 
50 


(3.7)

where, κ is the life-time modification factor ≈ 0.09 and n is the remaining life of the
structure.
The modified strengthening limit, in terms of  Ln is given by,

(φRn )existing  ( 1.1S DL+ Ln S LL )new
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(3.8)

To prevent FRP intermediate crack-induced debonding, ACI code [32] limits the
strain level of FRP as follows:

ε fd = 0.41

fc'
 0.9 ε fu
nE p t p

(3.9)

where n is the number of plies of FRP reinforcement, E p is the tensile modulus elasticity
of FRP in psi, t p is the nominal thickness of one ply of FRP reinforcement in inches, f c '
is the specified compressive strength of concrete in psi and  fu is the design rupture strain
of FRP reinforcement in in./in. Figure 3.6 and Figure 3.7 illustrate a design approach
based on the proposed strengthening limit and proposed plate-end debonding failure
criterion.
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Figure 3.5 ACI design flow chart for flexural strengthening of an RC beam with FRP
laminates
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Figure 3.6 Proposed design flow chart for FRP strengthened RC structures
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Figure 3.7 Proposed design flow chart for FRP strengthened RC structures (Contd.)
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CHAPTER IV

4. EXPERIMENTAL DATABASE AND COMPARISON

4.1 Experimental Program and Material Properties
In this study, in order to obtain the bond strength between FRP and concrete
substrate, five beams were tested under four point bending: one beam without FRP as
control beam, two beams with one layer of FRP and two beams with two layers of FRP.
The composite material consists of concrete substrate, epoxy and FRP resin.

4.1.1

Concrete
The mix design of concrete used in preparing the specimens is shown in Table 4.1.

A super plasticizer is added to the mix for workability during pouring of concrete. To
evaluate concrete strength for each mix, cylinder compressive test was conducted and the
test set up and the machinery are shown in Figure 4.1. The average compressive strength
of concrete mix design is 72 MPa.
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Table 4.1 Concrete Mix Proportions
Kg/m3

Materials
Portland Cement (Type I)

164

Water

350

Coarse Aggregate

720

Fine Aggregate

1065

Super Plasticizer (Sika ViscoCrete 2100)

1.89

Compressive strength of concrete (at 28 days)

72 MPa

Figure 4.1 Test Setup for Cylinder Compression Strength

4.1.2

Epoxy Resin
The epoxy resin used for the impregnation of carbon fiber sheet is Sikadur 300

(Sika). The Sikadur 300 resins is supplied as two components and are mixed at
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manufacture specified ratio before impregnating resin with FRP. Material properties are
shown in Table 4.2.

Table 4.2 Epoxy Resin Properties of Sikadur 300 at 14 days cure
Epoxy properties

Sikadur 300

Tensile strength

55.0 MPa

Tensile modulus

1,724 MPa

Elongation

4.1.3

3%

Flexural Strength

79 MPa

Flexural Modulus

3,450 MPa

Carbon Fiber Sheet

The carbon fiber sheet used in this study is SikaWrap Hex 103C. Unidirectional carbon
fiber sheet used in this study was commercially available material, SikaWrap Hex 103C
(Sika) and material properties of fiber are provided by the company (Table 4.3). The
cured laminate properties from manufacture data sheet is shown in Table 4.4.

Table 4.3 Carbon Fiber SikaWrap Hex 103 Properties (Sika)
Carbon fiber
SikaWrap Hex 103C
Tensile strength

3,793 MPa

Tensile modulus

234.5 GPa

Elongation

1.5 %
1.8 g/cm3

Density
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Table 4.4 Cured laminate properties with Sikadur 300 epoxy
FRP (Fiber: SikaWrap Hex 103C)
Tensile modulus

65,087 MPa

Tensile Strength

717 MPa

Thickness of carbon fiber sheet

4.1.4

1.02 mm per ply

FRP concrete specimen

Five beams were fabricated and tested in four point bending test at monotonic loading.
The loading configuration of the tested beam is shown in Figure 3.1. The reinforcement
details and cross sectional properties of concrete are shown in Figure 4.2. The steps
involved in preparing the specimen are schematically shown in Figure 4.3.

Figure 4.2 Loading configuration and reinforcement details of the concrete beam
(dimension: mm).
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Figure 4.3 Specimen Preparation

4.2 Four Point Bending Test Setup
Using MTS hydraulic powered tensile machine a four point bending test was
performed for specimens (Figure 4.4). The metal plates at top and bottom was securely
fixed to the by the grips. Two linear variable differential transformers (LVDTs) are used
to collect the deflection at bottom mid-span and at top support. The machine equipped
with load cell and data acquisition system was connected to the computer to read and
collect the required data.
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Figure 4.4 Four Point Bending Test Setup

The load was applied to the beam at the rate of 1.5 mm/min with displacement
control until ultimate failure as shown in Figure 4.5. The ultimate load and failure modes
of the test specimens are shown in Table 4.5. Since the entire test specimens failed in
intermediate crack-induced debonding, the data is not used in subsequent sections of this
research and is documented for future research.
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Figure 4.5 Test Specimen (MT1) failed in intermediate crack-induced debonding failure
mode.

Table 4.5 In-house Test Data
Specimen
CM*
MO1
MO2
MT1
MT2

Ultimate Load
(kN)
32.9
69.0
60.5
64.5
71.2

Failure mode
No failure
S→D
S→D
S→D
S→D

Classification of Debonding
Failure Mode
IC
IC
IC
IC

C = Control beam; M = Monotonic loading; O = one layer of FRP; T = two layers of FRP
S = Steel yielding; D = Debonding of the FRP.
IC = Intermediate Crack-induced debonding; PE = Plate-end debonding
a
Ultimate load capacity – recorded values are corresponding to a deflection of 33mm at center of the span

4.3 Experimental Database
In this study, a literature survey was conducted to assemble a database on FRP
strengthened concrete beams failed by plate-end debonding [69]. For consistent data, the
following criteria were used to assemble the database:


All beams have rectangular cross-sections, reinforced with steel rebars at least on the
tension side.
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Carbon FRP sheets (both wet-layup and pultruded) were used to strengthen the beams.



Beams were not subjected to cyclic loading.



All beams were tested using four point bending test loading configuration.



Beams were failed by plate-end debonding.
Table 4.6 lists the summary of the experimental database collected from [69] and

provides information on the number of tests collected from each reference, ranges of
length of the beam, aspect ratio of the cross-section, thickness of FRP and shear load at
failure. Table A.1 (Appendix A) lists the reinforced concrete details, adhesive details,
FRP details and shear failure load of the tested beams failed in PE debonding.
The data set consists of 144 data points. Since some of the studies in the literature did
not provide the data required to perform analysis in the subsequent sections, a few
reasonable assumptions are made. The thickness of the adhesive layer for wet layup
plates is assumed to 0.42 mm and for pultruded plates, it is assumed as 2 mm [19]. In
some instances where the detail of layup is not provided, wet layup is assumed. A
reasonable assumption of Modulus of elasticity of adhesive is used as 8500 MPa, when
the data was not provided. In the analysis, wherever shear modulus is required as input, it
is estimated assuming a Poisson’s ratio of 0.35 for adhesive, 0.28 for FRP and 0.18 for
concrete [22]. The modulus of elasticity of concrete in MPa is estimated as follows [32]:

Ec  4700 f c '
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(4.1)

Table 4.6 Data set of tests collected for plate-end debonding [69].
Reference

No. of tests L (mm)

h/b

tp (mm)

Ahmed et al.

7

1500

1.8

0.33-0.67 48.3-70.1

Ahmed et al.

10

1500

1.8

0.20-0.50 41.5-65.9

Arduini et al.

4

1890-2970 1.0-1.3 0.20-2.60 45.0-114.0

Beber et al.

6

2350

2.1

0.22

50.3-68.5

Benjeddou te al.

6

1800

1.3

1.20

15.05-20.06

Breña and Macri

11

812

1.0

0.17-1.19 13.95-26.25

David et al.

4

2800

2.0

1.20-2.40 68.0-79.5

Esfahani et al.

2

1600

1.3

0.18

35.47-37.22

Fanning & Kelly

6

2800

1.5

1.2

31.0-51.5

Garden et al.

10

900

1.0

0.5-1.0

15.4-19.8

Garden et al.

7

900-3800

1.0-1.8 0.80-1.30 16.0-50.2

Grace and Singh

4

2540

1.7

0.40-1.20 66.75-68.3

Juvandes et al.

2

1500

2.0

1.20

6.7-12.5

Matthys

6

3125

2.3

0.2-1.2

95.8-186.0

Nguyen et al.

4

1330

1.3

1.20

28.1-65.1

Pham & Al-Mahaidi

11

2300

1.9

1.06-1.58 25.7-39.5

Rahimi & Hutchinson

8

2100

0.8

0.80-1.20 29.7-35.3

Ross et al.

11

2742

1.0

0.50

35.6-84.5

Spadea et al.

2

4500

2.1

1.20

37.4-43.4

Tan et al.

7

1800

1.5

0.20

19.8-27.5

Täljsten

6

3600

1.5

1.40-2.40 71.4-80.1

Teng & Yao

5

1500

1.7

1.20-2.63 76.0-99.4

Triantafillou & Plevris 5

1220

1.7

0.70-1.90 12.80-18.67
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Vexp (kN)

4.4 Parametric Study on Effective Stress Transfer Length Expressions
For the purposes of the current investigation the axial stiffness (Eptp) of the FRP
laminate, concrete compressive strength (fc’) and shear stiffness of adhesive (Ka) from the
database varied in the range of 50 to 650 MPa, 20 to 65 MPa and 1 to 7, respectively.
Figure 4.6, Figure 4.7 and Figure 4.8 show the response of the effective length proposed
by different authors, to the axial stiffness (Eptp) of the FRP laminate, concrete
compressive strength (fc’) and shear stiffness of adhesive (Ka), respectively. Figure 4.9
shows the response of the effective length to the product of the reinforcement ratio (ρ)
and modular ratio (n) of FRP to concrete proposed by Ulaga et al. [61]. From the
parametric study, it can be inferred that Mongi et al. [59], and Wu and Niu [63] predict
higher values of effective length, whereas Ueda et al. [62] predict little lower values than
the other models. Miller and Nanni [51] give negative values of effective length (Figure
4.7) for the range of axial stiffness considered from the database.

Ueada et al. [62] considered the effect of adhesive to propose the effective length
expression. Although the expression clearly exhibits the effect of adhesive, it is easy to
consider the thickness of the adhesive during design and is practically difficult to
implement smaller adhesive thicknesses at field. Maeda et al. (cited in [50]), Sato et al.
[52, 53, 54] and Iso Model [55] give consistently low values of effective length compared
to that of Neubauer and Rostasy [56], Chen and Teng [57], Kanakubo et al. [58],
Karbhari and Niu [60] and Ulaga et al. [61]. Neubauer and Rostasy [56] and Chen and
Teng [57] were further investigated for different values of concrete compressive strength
(fc’) and are shown in Figure 4.10 and Figure 4.11, respectively. Cheng and Teng’s [57]
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expression (Table 2.3) is used for further analysis because of its simplicity and consistent
predictions.

Figure 4.6 Effect of concrete compressive strength on effective bond length.
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Figure 4.7 Effect of axial stiffness of the FRP plate on effective bond length (fc’=40 MPa).
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Figure 4.8 Effect of shear stiffness of the adhesive on effective bond length.
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Figure 4.9 Effect of reinforcement ratio and modular ratio of FRP to concrete on effective
bond length.
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Figure 4.10 Effect of axial stiffness of the FRP plate on effective bond length proposed
by Neubauer & Rostasy [56] for different values of concrete compressive strength.
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Figure 4.11 Effect of axial stiffness of the FRP plate on effective bond length proposed
by Chen & Teng [57] for different values of concrete compressive strength.
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4.5 Parameteric Study on Fracture Depth
During simple shear tests, many studies [29, 64, 65, 66, 45] observed a thin layer
of concrete attached to the FRP. A parametric study to study the effect of the fracture
depth in the concrete substrate is performed by Toutanji et al. [39] based on a simple
shear test. A typical relationship between the predicted Pmax from a simple shear test and
the depth t is shown in Figure 4.12.

Figure 4.12 Predicted maximum transferable load Vs. fracture depth, t for a specimen
tested through simple shear test [70]
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From Figure 4.12, it can be inferred that the predicted Pmax has the minimum
value at the certain depth, t = 0.13 mm. When t is greater than 0.13 mm, the predicted
Pmax tends to increase almost linearly, whereas it is asymptotic with t < 0.13 mm. Based
on simple shear test data, Ueno et al. [70] empirically derived an expression for fracture
depth, t as a function of concrete compressive strength and can be expressed as:
t

4.5
fc '

(4.2)

where t and fc’ = fracture depth in millimeters and compressive strength of concrete in
megapascals, respectively. For further analysis in later sections, Equation (4.2) is used to
calculate the fracture depth.
4.6 Comparison with Experimental Values
As verification of the present solution, comparisons of the maximum principal
stress from the present study with typical existing analytical solutions [21, 22, 25] are
made. As an example, a reinforced concrete (RC) beam strengthened with a thin carbon
FRP plate is investigated. The strengthened beam is simply supported with two point
loads. The span of the beam is L = 2300 mm, the distance from the support to the end of
the CFRP plate is a = 25 mm, the applied load distributed symmetrically to the two point
loads is Q = 60 kN, and the distance from the support to the nearest point load is B = 767
mm. A summary of geometric and material properties of the strengthened beam is given
in Table 4.7.
The interfacial shear stress and interfacial normal stress for existing models [21,
22, 25] are shown in Figure 4.13 and Figure 4.14, respectively. The peak interfacial shear
and interfacial normal stresses using existing models [21, 22, 25] are shown in Table 4.8.
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The values presented in Table 4.8 are estimated assuming a fracture depth of 1 mm. The
peak stresses on the critical element obtained from the present study are the critical shear
and critical normal stresses in the concrete, and the corresponding maximum principal
stress

Table 4.7 Geometric and material properties of a specimen.
Poisson’s
Ratio

h = 225

Young’s
Modulus
(MPa)
Ec = 31

0.18

Shear
Modulus
(Mpa)
Gc = 13.14

ba = 200

ta = 2

Ea = 2

0.35

Ga = 0.741

bp = 200

tp = 4

Ep = 100

0.28

Gp = 39.06

Component

Width
(mm)

Depth
(mm)

RC beam

b = 200

Adhesive layer
CFRP plate

Table 4.8 Comparison of peak interfacial normal stress, interfacial shear stress Vs
proposed critical normal stress, critical shear stress and maximum principal stress.
Interfacial stresses

Critical stresses

shear
stress

normal
stress

shear
stress

normal
stress

[MPa]
2.41

[MPa]
1.26

[MPa]
2.97

[MPa]
0.58

Tounsi [22]

1.36

0.75

1.98

0.36

3.17

30.8

Guenaneche et al.
[25]

2.30

0.91

3.87

0.36

4.99

30.8

Component

max

Smith & Teng [21]

max

e,d
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n-e,d

Maximum principal
stress
stress position from
value
plate end
d
1,d
[mm]
[MPa]
4.22
30.8

Figure 4.13 Comparison of interfacial shear stresses for an RC beam bonded with CFRP
plate subjected to four point bending load
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Figure 4.14 Comparison of interfacial normal stresses for an RC beam bonded with
CFRP plate subjected to four point bending load
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A MATLAB program was written to identify the critical element through an
iteration process. For the discussed example, the position of a critical element, d, was
found to be at a distance of 30.8 mm. The position of the critical element from the
database varied in the range of 18.8 to 63.1 mm from the plate end. The ratio of
interfacial shear stress (max), interfacial normal stress (max), critical shear stress (e,d),
critical normal stress (n-e,d) and maximum principal stress (1,d) to the tensile strength of
the concrete element (ft) for the database is shown in Figure 4.15. Although the ratio of
interfacial shear stress (max), interfacial normal stress (max), critical shear stress (e,d)
and critical normal stress (n-e,d) to the tensile strength of the concrete element (ft) does
not establish a criteria, it is shown in Figure 4.15 for comparison to the ratio maximum
principal stress (1,d) and the tensile strength of the concrete element (ft).
Table 4.9 Comparative statistics of ratio between 1,d and ft with outliers

Model
Smith & Teng [21]

Max.
value
5.845

Min.
value
0.166

Mean Median
1.198
1.004

SD
0.793

Variance
0.629

Tounsi [22]

5.344

0.088

1.012

0.826

0.773

0.598

Guenaneche et al. [25]

10.704

0.037

1.558

1.233

1.433

2.053

By considering ratio’s with value greater than 2 as outliers, a comparative
statistics of ratio between maximum principal stress (1,d) and the tensile strength of the
concrete element (ft) is presented with and without outliers in Table 4.9 and Table 4.10,
respectively. From Figure 4.15, the strength factor, α, proposed in Equation (3.1) is
estimated to be in the range of 0.5 to 1.3, where 0.5 is a conservative value for design. A
design example with details obtained from ACI design code is presented in Appendix B.
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Table 4.11 presents the comparison between ACI design method and proposed design
method.
Table 4.10 Comparative statistics of ratio between 1,d and ft without outliers

Model
Smith & Teng [21]

Max.
value
1.960

Min.
value
0.166

Mean Median
0.949
0.946

SD
0.422

Variance
0.178

Tounsi [22]

1.990

0.088

0.818

0.721

0.464

0.215

Guenaneche et al. [25]

1.922

0.037

0.928

0.957

0.504

0.254

Table 4.11 Comparison between ACI design method and Proposed method
Parameter

Values

ACI Design Method
Moment due to anticipated loads (Mu)

399 kN-m

Design Strength (ϕMn)

443 kN-m

FRP ultimate strain (εfu)

0.0142 mm/mm

Calculated strain in FRP (εfe,calculated)

0.0131 mm/mm

Limiting strain in FRP (εfe,limited)

0.009 mm/mm
(63% of ultimate strain utilized)
Proposed Design Method
Moment due to anticipated loads (Mu)
399 kN-m
Yield Strength (My)

417.7 kN-m

Design Strength (ϕMn)
(limit to strength at plate-end debonding)

483.7 kN-m
(9.2% more strength than ACI design method)

FRP ultimate strain (εfu)

0.0142 mm/mm

Calculated strain in FRP (εfe,calculated)

0.011 mm/mm
(77% of ultimate strain utilized)

Ductility ratio (Δu/Δy)

1.16

62

Figure 4.15 Comparison for the ratio of interfacial shear stress (max), interfacial normal
stress (max), critical shear stress (e,d), critical normal stress (n-e,d) and maximum
principal stress (1,d) to the tensile strength of the concrete element (ft).
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CHAPTER V

5. CONCLUSIONS AND FUTURE RECOMMENDATIONS

5.1 Conclusions
This research study has been concerned with the prediction of maximum principal
stress to establish a failure criterion. A criterion on the maximum principal stress is
presented for the PE debonding of FRP-to-concrete joint by applying the elasticity theory
and the mechanics of materials. For failure, the proposed criterion limits the maximum
principal stress to the modified tensile strength of the concrete. The maximum principal
stress combines the effect of critical shear stress, critical normal stress and flexural stress
on a small element in the concrete substrate. Critical shear stress and critical normal
stress are developed based on the interfacial shear stress and interfacial normal stress
proposed by different researchers.
The proposed criterion is used for the available experimental data points to
estimate the strength factor, α. From data analysis, the strength factor is predicted to be in
the range of 0.5 to 1.3. Moreover, the projected range can be established more precisely
by expanding the database available for beams failed in PE debonding. In contrast to the
existing interfacial models, the proposed criterion is based on theoretical analysis with
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parameters clearly having physical meanings, such as effective stress transfer length (Le),
fracture depth (t) and strength factor (α). Finally, an improved design method to fully
utilize the strength of FRP for FRP strengthened RC structure is proposed by suggesting a
new strengthening limit. The ultimate strength from the proposed design method
estimates 9.2% more strength than the ACI design method with a ductility ratio of 1.16.
Also, the proposed design method utilizes 77% ultimate strain of FRP compared to that
of 63% from ACI design method.
5.2 Recommendations for Future Research
In general, the ultimate flexural strength of the concrete beam depends on the
controlling failure modes. In this research, a new approach to design the FRP
strengthened beam is done investigating plate-end debonding failure mode. However, this
can be extended to intermediate crack-induced debonding by establishing a criterion from
the database of concrete beams failed in intermediate crack-induced debonding. The
ultimate design strength is limited to the governing moment strength at controlling
debonding failure mode.
The fracture depth, t used in this research is a function of the compressive
strength of the concrete. However, the fracture depth also depends on the surface
preparation of the concrete. The fracture depth parameter, t can be further investigated for
different methods of surface preparation like sandblasting, grinding etc.
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APPENDIX A – Experimental Database
Table A.1 Data set of beams failed in PE debonding
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Table A.1 Data set of beams failed in PE debonding (Contd.)
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Table A.1 Data set of beams failed in PE debonding (Contd.)
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Table A.1 Data set of beams failed in PE debonding (Contd.)
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Table A.1 Data set of beams failed in PE debonding (Contd.)
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Table A.1 Data set of beams failed in PE debonding (Contd.)
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Table A.1 Data set of beams failed in PE debonding (Contd.)
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Table A.1 Data set of beams failed in PE debonding (Contd.)
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Table A.1 Data set of beams failed in PE debonding (Contd.)
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APPENDIX B – Design Example
A design example is presented in this section, which shows detailed calculations
using the proposed criterion for plate-end debonding. The example details the flexural
strengthening of a reinforced concrete beam with FRP as an externally bonded
reinforcement (EBR) system. The design example shows the calculations by assuming
the beam is failed in PE debonding. However, for final moment strength, it needs to be
verified for intermediate crack debonding. For comparison, the load configuration,
geometric properties and strengthening system details are obtained from current ACI
design code on FRP strengthened reinforced concrete structures [32].
Flexural Strengthening of Interior Reinforced Concrete Beam
A simply supported reinforced concrete beam with three No. 9 bars (Figure B.1)
is located in an unoccupied warehouse and is subjected to a 50% increase in its live-load
carrying requirements. The design life of the warehouse is 50 years and the remaining life
of the structure after repair is required to be 10 years. An analysis of the existing beam
indicates that the beam still has sufficient shear strength to resist the new required shear
strength and meets the deflection and crack-control serviceability requirements. Its
flexural strength, however, is inadequate to carry the increased live load.

Figure B.1 Schematic diagram of the idealized simply supported beam with FRP external
reinforcement
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Table B.1 summarizes the material and geometric properties, and Table B.2
summarizes existing loads, anticipated loads and moments. The existing reinforced
concrete beam should be strengthened with the FRP system described in Table B.3,
specifically two 305 mm x 7.14 m long plies plies bonded to the soffit of the beam using
the wet layup technique. Table B.4 presents the detailed design procedure.

Table B.1 Geometric and material properties of the FRP strengthened RC beam
Length of the beam, L

7.32 m

a

90 mm

Width of the beam, b

305 mm

d

546 mm

h

609.6 mm

fc’

34.5 N/mm2

fy

414 N/mm2

ϕMn without FRP

361 kN-m

Tension steel reinforcement

3 – ϕ28.6mm

Type of FRP and exposure condition

CFRP, interior exposure

FRP external reinforcement

2 – 305 mm x 7.14 m.

Table B.2 Loadings and corresponding moments
Loading/Moment

Existing Loads

Anticipated Loads

Dead loads, wDL

14.6 N/mm

14.6 N/mm

Live loads, wLL

17.5 N/mm

26.3 N/mm

Unfactored loads, (wDL+ wLL)

32.1 N/mm

40.9 N/mm

Factored loads, (1.2wDL+ 1.6wLL)

45.5 N/mm

59.6 N/mm

Dead load moment, MDL

98 kN-m

98 kN-m

Live load moment, MLL

117 kN-m

176 kN-m

Service load moment, Ms

214 kN-m

274 kN-m

Factored moment, Mu

304 kN-m

399 kN-m

76

Table B.3 FRP system properties from manufacturer
Thickness per ply, tp

1.02 mm

Ultimate tensile strength,

ffu*

621 N/mm2

Rupture strain, εfu *

0.015 mm/mm

Modulus of elasticity of FRP laminates, Ep

37000 N/mm2

Table B.4 Design procedure in metric units.
Procedure

Calculation in SI metric units

(ϕMn)existing = 361 kN-m (from Table B.1)
Step 1 – Check for
strengthening limit
(φRn )existing  ( 1.1S DL+ Ln S LL )new  Ln = 0.855 ;
MDL = 98 kN-m; MLL = 176 kN-m
n

where,  Ln = 1.0 1   ln  ;
50 


κ ≈ 0.09; n = 10 years

(1.1MDL+ 0.855MLL)new = 258 kN-m
(ϕMn)existing ≥ (1.1MDL+ 0.855MLL)new O.K.
∴Eligible for Strengthening.

Step 2 – Calculate FRP
system design material
properties
f fu = CE f fu*
ε fu = CE ε fu

*

For CFRP, under interior exposure condition,
CE  0.95 (ACI 440.2R-08, Table 9.1)

f fu = 0.95621 MPa  590 MPa
 fu = 0.950.015 mm / mm  0.0142 mm / mm

Step 3 – Preliminary
Calculations
Concrete Properties:
1 from ACI 318-11, Section
10.2.7.3 is given by
f '
1 = 1.05  0.05  c 
 6.9 



 34.5 N / mm 2 
  0.8
1 = 1.05  0.05

6
.
9
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E c = 4700 f c

'

Ec = 4700 34.5 N / mm 2  27,600 N / mm 2

Reinforcing steel properties:





As = 3 645 mm 2  1935 mm 2

FRP external reinforcement
properties:
Ap = n p t p b p
Step 4 – Determine the
existing state of strain on the
soffit
The existing state of strain is
calculated assuming the beam is
cracked and the only loads
acting on the beam at the time
of FRP installation are dead
loads,
M DL d f  kd 
ε bi =
I cr E c

A f = 2 plies1.02 mm / ply305 mm   619 mm 2
ρ

E
As
; n s ; k=
Ec
bd

 ρn2  2 ρn  ρn  0.334

bk 2 jd 3
k
 2459x10 6 mm 4 ; d f  h
j = 1  ; I cr =
2
3

98x10 N  mm609.6 mm  0.334546 mm
=
2459x10 mm 27600 N / mm 
6

ε bi

6

4

2

 0.00061 mm / mm

CALCULATIONS AT YIELDING OF INTERNAL STEEL REINFORCEMENT
Step 5 – Estimate the depth of
neutral axis at yielding of
h
existing internal
cy =
reinforcement, cy
2
A reasonable initial estimate of
cy is h/3. The value of the cy is
609.6 mm
cy =
 304.8 mm
adjusted after checking
2
equilibrium.
Step 6 –Strain calculations at
yielding of existing internal
reinforcement
Strain in Reinforcing steel:
The strain in the internal
reinforcement can be calculated
from:
fy
εy =
Ey

εy =

414 MPa
 0.00207 mm / mm
200000 MPa
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Strain in FRP:
The increased strain in the FRP
at soffit can be calculated from:
 d f  cy 
ε
ε fey = ε y 
 d  c y  bi



df h

Strain in concrete:

 609.6  304.8 
ε fey = 0.00207
  0.00061
 546  304.8 
 0.002 mm / mm

The strain in the concrete can
be calculated from:
 cy 

ε cy = ε fey  ε bi 
 d f  cy 



304.8


ε cy = 0.002  0.00061

 609.6  304.8 
 0.0026 mm / mm

Step 7 –Stress calculations at
yielding of existing internal
reinforcement
Stress in Reinforcing steel:
f y = 414 MPa
fs = f y

Stress in FRP:

f fey = 0.002 mm / mm 37000 MPa

f fey = ε fey E f

 74.22 MPa

Step 8 –Calculate the
equivalent concrete
compressive stress block
parameters corresponding to
εcy
Stress block parameters can be
estimated from;
4 ε'c  ε cy
β1  '
6 ε c  2 ε cy
α1 

3 ε'c ε cy  ε cy

2

ε'c =

1.7 34.5
 0.0021 mm / mm
27 ,600

β1  0.783

α1  0.927

2

3 β1 ε'c
where εc’ is strain corresponding
to fc’, calculated as:
1.7 f c'
ε'c =
Ec
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Step 9 –Calculate the internal
force resultants and check
equilibrium
Force equilibrium is verified by
checking the intial estimate of
cy with the following equation:
As f y  A f f fey
cy 
α1 β1 f c' b

cy 

1935 mm 414 MPa  619 mm 74.22 MPa
2

2

0.9270.78334.5 MPa305 mm 

 110.9mm  304.8mm  N.G.

∴Revise estimate of cy and repeat steps 5 to 9 until
equilibrium is achieved.

Step 10 –Adjust cy until force
equilibrium is satisfied
Steps 5 through 9 were repeated
several times with different
values of cy until equilibrium is
achieved.

cy 

The results at final iteration are:
cy  189.36mm
ε fey  0.0018 mm / mm

f fey  90.25 MPa

1935 mm 414 MPa  619 mm 90.25 MPa
2

2

0.6140.70234.5 MPa305 mm 

 189.37  189.36  O.K .

∴The value of cy at final iteration is correct.

εcy  0.0011 mm / mm
α1  0.614
β1  0.702

Step 11 –Estimate moment
strength at yielding of
internal reinforcement
The moment at yielding of
internal reinforcement can be
estimated as:
β1c y 


M y  As f y  d 
2 


0.702189.36 mm   

M y  1935 mm 2 414 MPa 546 mm 

2


0.702189.36 mm  

619 mm 2 90.25 MPa 609.6 mm 

2











 M y  414.7 kN  m

β1c y 


A f f fey  d f 
2 
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CALCULATIONS AT PLATE-END (PE) DEBONDING OF FRP EXTERNAL
REINFORCEMENT
Step 12 –Estimate moment
strength at plate-end
debonding of the external
Moment at mid span of the simply supported beam,
FRP reinforcement.
A reasonable initial estimate of
M db  M y  414.7 kN  m
maximum moment at midspan
corresponding to plate-end
Corresponding uniformly distributed load, qdb is
debonding, Mdb is My. The
value of Mdb is adjusted to
8414700000 N  mm 
qdb 
 61.81 N / mm
satisfy the proposed criterion.
2
q db 

7320 mm 

8 M db

L2
a  90 mm ; h  609.6 mm
q a L  a 
M db,a  db
2

Moment at plate-end of the simply supported beam,
M db,a 

Step 13 –Estimate fracture
depth, t and effective stress
transfer length, Le
4.5
t
fc '

2

N  mm

Fracture depth:
t

Ep tp

Le =

61.81 N / mm 907320  90  2.01x10 7

Le =

f c'

4.5
 0.77 mm
34.5 MPa

37000 MPa1.02 mm   80.15 mm
34.5 MPa

Step 14 – Estimate flexural
d NA = 306.16 mm ; I e = 5.84x10 9 mm 4
stress, σx at fracture depth, t
Using transformed area method,
Flexural stress:
depth of neutral axis,
M h t  d NA 
tp 

h
σ x = dba
Ac  nAp  h t a  
Ie
2
2

d NA =
Ac  nAp
2.01x107 N  mm609.6mm  0.77mm  305.8mm 
Ep
σx =
n=
5.81x109 mm 4
E
c

Effective moment of inertia,
h

I e = I c  nI f  Ac  d NA  
2


2

tp


 nA p  h t a   d NA 
2



 σ x = 1.045 MPa
2
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Step 15 – Estimate maximum
critical shear stress, τn, max

τ e,d  0Le

τ x 
1  cos 2 θ1  sin 2 θ2 dx
2 πt

The expressions for θ1 and θ2 are presented in section
3.3 of Chapter 3. The expression for τ(x) is from
Equation 2.4.
 τe,d max  0.397 MPa
Step 16 – Estimate maximum
critical normal stress, σn, max

The critical normal stress at fracture depth, t along the
FRP-concrete interface and at a distance, d can be
found by following equation:
σ x 
σ n e,d  0Le n 1  cos 2 θ1 1  cos 2 θ2  dx
2 πt
The expression for σn(x) is from Equation 2.5.
 σ n e,d max  0.187 MPa

Step 17 – Estimate maximum
principal stress, σ1,d

0.5 ft  1.556 MPa

CRITERIA: σ1,d  0.5 ft

σ 1,d
σ1,d

σ x  σ ne,d 

 σ x  σ n e,d

 
2
2

1.045 M Pa  0.187 M Pa 

2

2


  τ e,d 2


2

 1.045 M Pa  0.187 M Pa 
2

  0.397 M Pa
2



σ1,d  1.201 MPa  1.556 MPa  N.G
∴Revise estimate of Mdb and repeat steps 12 to 17
until criteria is satisfied.
Step 18 –Adjust Mdb until
criteria is satisfied
Steps 12 through 17 were
repeated several times with
different values of Mdb until the
given criteria is satisfied.

The results at final iteration are:
M db  537.5 kN  m ; d NA = 306.16 mm

I e = 5.84x10 9 mm 4 ; M dba  2.61x107 N  mm

σ x = 1.354 MPa

τe,d max  0.514 MPa
σne,d max  0.243 MPa
σ1,d  1.555 MPa  1.556 MPa  O.K
∴The value of moment strength at plate-end
debonding, Mdb is 537.5 kN-m. The ultimate moment
strength of beam is limited to the moment strength at
plate-end debonding.
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ESTIMATION OF STRAIN IN FRP AT PLATE-END (PE) DEBONDING OF FRP
EXTERNAL REINFORCEMENT
Step 19 –Change in moment
strength from yielding to
M y  414.7 kN  m (From Step 10)
plate-end debonding, Mx
M db  537.5 kN  m (From Step 17)

M x  537.5 kN  m   414.7 kN  m 

M x  M db  M y

 122.7 kN  m
Step 20 –Estimate strain level
in FRP at plate-end
debonding, εdb

ε db = 0.30.0142
 0.0043 mm / mm

A reasonable estimate for εdb is
0.3εfu
Step 21 –Estimate stress level
in FRP at plate-end
debonding, ffe

f fe = 0.0043 mm / mm 37000 MPa
 158.18 MPa

f fe = εdb E f
Step 22 –Estimate the depth
of neutral axis from force
equilibrium

Concrete stress block parameters:
α1 and 1 from ACI 318-11, Section 10.2.7.3 is given

by
Depth of neutral axis can be
estimated from force
equilibrium using the following
equation:
As f y  A f f fe
c
α1 β1 f c' b

 34.5 N / mm 2 
  0.8 ; α1  0.85
1 = 1.05  0.05

6
.
9


c

1935 mm 414 MPa  619 mm 158.18 MPa
2

2

0.850.834.5 MPa305 mm 

 125.84mm

Step 23 –Check for change in
moment strength from
yielding to PE debonding
Check for change in moment
from the following equation:





 β1 c y  c 

M x  As f y 
2


 A f d f f fe  f fey

 

β
 1 cf fe  c y f fey 
2

 0.8 189.36  125.84 
M x  1935414 

2


 619 609.6 158.18  90.25
0.8
125.84158.18  189.3690.25

2

 M x  45.24 kN  m  122.7 kN  m  N.G.
∴Revise estimate of εdb and repeat steps 20 to 23 until
moment check is satisfied.
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Step 24 –Adjust εdb until
moment check is satisfied
Steps 20 through 23 were
repeated several times with
different values of εdb until
moment check is satisfied.

 0.8 189.36  147.46 
M x  1935414 

2


 619 609.6 406.5  90.25
0.8
147.46406.5  189.3690.25

2

The results at final iteration are:

εdb  0.011 mm / mm
f fe  406.5 MPa

 M x  122.72 kN  m  122.7 kN  m  O.K.

∴The value of εdb at final iteration is correct.
c  147.46 mm
CHECK FOR MOMENT STRENGTH AND SERVICE STRESSES
Step 25 –Calculate design
flexural strength of the
M u  399 kN  m
section.

 M n  0.9537.5 kN  m 

Strength reduction factor:
  0.9
Step 26 –Check for service
stresses in the reinforcing
steel.
Calculate the elastic depth to
the cracked neutral axis, k.
Calculate the stress level in the
reinforcing steel and verify that
it is less than the recommended
limit

f s,s  0.8 f y

 483.7 kN  m  M u  O.K.
2

 E
Ef 
E  d 
 E
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f s,s  278.6 MPa

 0.8410 MPa  331.2 MPa  O.K.

∴The stress level in the reinforcing steel is within the
recommended limit.
Step 26 –Check creep rupture
limit at service of the FRP.
Calculate the stress level in the
FRP and verify that it is less
than the recommended creep

 Ef
f f,s  f s,s 
 Es
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bi E f

rupture stress limit
For a carbon FRP system, the
sustained plus cyclic stress limit
is

f f ,s  38.05 MPa

 0.55590 MPa  324.5 MPa  O.K.

f f ,s  0.55 f fu
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APPENDIX C – MATLAB Code for Design Example
1. INPUT File (INP.m)
clc;
clear all;
close all;
VARIABLE STATEMENT
global L b d h t_f b_f n_f d_f A_f A_s f_c_prime E_c e_cu f_y E_s e_y E_f f_fu e_fu...
M_n_0 M_u M_s phi n_s row I_cr gamma_Ln e_bi t A_c I_c l_e I_f n_frp B a y_c
G_c...
y_f G_f t_a b_a E_a G_a f_t k;
LOADING CONFIGURATION
L = 7320; % Length of the beam (mm) %% Editable
B = 0; % Distance of point load for four point bending case. This example deals with
uniformly distrirbuted load (udl)
a = 90; % Distance from support to the curtailment of FRP.
GEOMETRIC PROPERTIES
Concrete
b = 305; % Width of the beam (mm) %% Editable
d = 546; % Depth of the rebar (mm) %% Editable
h = 609.6; % Depth of the beam (mm) %% Editable
A_c = b * h;% Area of concrete (mm^2)
y_c = h / 2;% Distance from centroid to adhesive (mm)
I_c = b * (h ^ 3) / 12;% Second moment of section (mm^4)
FRP
t_f = 1.02; % Thickness of the one layer of FRP (mm) %% Editable
b_f = 305; % Width of the FRP (mm) %% Editable
n_f = 2; % Number of FRP layers %% Editable
d_f = h; % Depth of FRP (mm)
A_f = t_f * b_f * n_f; % Area of FRP (mm^2)
I_f = b_f * (t_f ^ 3) / 12;% Second moment of section (mm^4)
y_f = t_f / 2;% Distance from centroid to adhesive (mm)
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Rebar
A_s = 1935.48; % Area of rebar (mm^2) %% Editable
Adhesive
t_a = 0.75;% Thickness (mm)
b_a = b_f;% Width (mm)
E_a = 7200;% Elastic modulus (MPa)
mu_a = 0.35;
G_a = E_a / (2 * (1 + mu_a));% Shear modulus (MPa)
MECHANICAL PROPERTIES
Concrete
f_c_prime = 34.47; % Compressive Strength (MPa) %% Editable
f_c_primeUS = 5000; % psi
E_cUS = 57000 * sqrt(f_c_primeUS); % Young's modulus (psi)
E_c = 0.006895 * E_cUS; % MPa
e_cu = 0.003; % Ultimate strain
mu_c = 0.18;
G_c = E_c / (2 * (1 + mu_c)); % MPa
Tensile strength of concrete (MPa)
f_t = 0.53 * sqrt(f_c_prime);%f_t = f_t_SI * 145.037744; % psi
Steel
f_y = 414; % Yielding strength (MPa) %% Editable
E_s = 200000; % Young's modulus (MPa)
e_y = f_y / E_s; % Yielding strain
t = 4.5 / sqrt(f_c_prime);% Fracture depth (mm)%t = t_SI * 0.03937; % in.
FRP
f_fu_star = 621; % Ultimate strength from manual (MPa) %% Editable
E_f = 37000; % Youn'g modulus (MPa) %% Editable
% e_fu_star = f_fu_star / E_f; % Ultimate strain from manual %% Editable
e_fu_star = 0.015; % Ultimate strain from manual %% as per ACI example used 0.015
C_E = 0.95; % Carbon/epoxy interior exposure
f_fu = f_fu_star * C_E; % Ultimate strength (MPa)
e_fu = e_fu_star * C_E; % ultimate strain
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n_frp = E_f / E_c;% Modular ratio
mu_f = 0.28;
G_f = E_f / (2 * (1 + mu_f)); % MPa
l_e = sqrt(E_f * t_f / sqrt(f_c_prime));% Effective length (mm) (from Chen & Teng,
2001)

CALCULATIONS FOR STRENGTH OF THE CROSS-SECTION
a_0 = (A_s * f_y) / (0.85 * f_c_prime * b);% Compressive portion depth (mm)
M_n_0 = (A_s * f_y * (d – a_0 / 2));% M_n without FRP (N-mm)
phi = 0.9;% Strength reduction factor for M_n
n_s = E_s / E_c;% Modulus ratio
row = A_s / (d * b);% Reinforcement ratio
k = sqrt((row * n_s) ^ 2 + 2 * row * n_s) - row * n_s;
j = 1 - k / 3;
I_cr = (b * (k ^ 2) * j * (d ^ 3)) / 2;% Moment of inertia of cracked cross-section (mm^4)
PROPOSED LIVE LOAD FACTOR
kappa = 0.09;% life-time modification coefficient
n = 10;% remaining life of the structure in years
gamma_Ln = 1.0 * (1 + kappa * log(n / 50));% (modified expression from Zadeh, 2012)
LOADING DETAILS
Factors
w_DL_fact = 1.2;
s_DL_fact = 1.1;
w_LL_fact = 1.6;
Existing loading
w_DL_0 = 1 * 14.59390; % dead load (N/mm)
w_LL_0 = 1.2 * 14.59390; % live load (N/mm)
UF_load_0 = w_DL_0 + w_LL_0; % unfactored load (N/mm)
F_load_0 = w_DL_fact * w_DL_0 + w_LL_fact* w_LL_0; % factored load (N/mm)
M_DL_0 = w_DL_0 * L ^ 2 / 8; % unfactored dead load moment (N-mm)
M_LL_0 = w_LL_0 * L ^ 2 / 8; % unfactored live load moment (N-mm)
M_s_0 = UF_load_0 * L ^ 2 / 8; % unfactored total moment (N-mm)
M_u_0 = F_load_0 * L ^ 2 / 8; % factored total moment (N-mm)
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Anticipated loading
w_DL = 1 * 14.59390; % dead load (N/mm)
w_LL = 1.8 * 14.59390; % live load (N/mm)
UF_load = w_DL + w_LL; % unfactored load (N/mm)
F_load = w_DL_fact * w_DL + w_LL_fact * w_LL; % factored load (N/mm)
S_limit = s_DL_fact * w_DL + gamma_Ln * w_LL; % load corresponding to
strengthening limit (N/mm)
M_DL = w_DL * L ^ 2 / 8; % unfactored dead load moment (N-mm)
M_LL = w_LL * L ^ 2 / 8; % unfactored live load moment (N-mm)
M_s = UF_load * L ^ 2 / 8; % unfactored total moment (N-mm)
M_u = F_load * L ^ 2 / 8; % factored total moment (N-mm)
M_limit = S_limit * L ^ 2 / 8; % moment from strengthening limit load (N-mm)
Change in Moment Strength
M_DL_C = (M_DL - M_DL_0)/ M_DL_0 * 100;
M_LL_C = (M_LL - M_LL_0)/ M_LL_0 * 100;
M_s_C = (M_s - M_s_0)/ M_s_0 * 100;
M_u_C = (M_u - M_u_0)/ M_u_0 * 100;
CHECK FOR STRENGTHENING LIMIT
if(ge(phi * M_n_0, M_limit))
display('1. Check for strengthening limit: O.K.');
else
display('1. Check for strengthening limit: N.G.');
end
1. Check for strengthening limit: O.K.
EXISTING STRAIN LEVEL AT SOFFIT OF CONCRETE SUBSTRATE AT THE
TIME OF FRP INSTALLATIONS
e_bi = (M_DL_0 * (d_f - k * d)) / (I_cr * E_c) % (mm/mm)
e_bi = 6.1138e-04
2. COMPUTATIONAL FILE (COMP.m)
VARIABLE STATEMENT
global L b d h t_f b_f n_f d_f A_f A_s f_c_prime E_c e_cu f_y E_s e_y E_f f_fu e_fu...
M_n_0 M_u M_s phi n_s row I_cr gamma_Ln e_bi t A_c I_c l_e I_f n_frp B a y_c
89

G_c...
y_f G_f t_a b_a E_a G_a f_t k;
DETERMINE DEPTH OF NEUTRAL AXIS AT YIELDING OF TENSION SIDE
STEEL
c_y = fzero(@equ_cy, h / 3)% c_y (mm)
c_y = 189.3656
COMPUTE MOMENT
REINFORCEMENT

AT

YIELDING

OF

TENSION

SIDE

STEEL

Strain Calculations
e_fey = e_y * (d_f - c_y) / (d - c_y) - e_bi % Strain increased in FRP due to yielding
e_cy = (e_fey + e_bi) * (c_y / (d_f - c_y)) % Strain in concrete
e_sy = e_y; % Strain in rebar
e_fey =

0.0018

e_cy = 0.0011
Stress Calculations
f_sy = f_y; % Stress in rebar (MPa)
f_fey = E_f * (e_fey + e_bi) % Stress in FRP (MPa)
e_c_prime = 1.7 * f_c_prime / E_c;% Concrete strain corresponding to compressive
strength
% Concrete stress block parameters
beta_1 = (4 * e_c_prime - e_cy) / (6 * e_c_prime - 2 * e_cy)
alpha_1 = (3 * e_c_prime * e_cy - e_cy ^ 2) / (3 * beta_1 * (e_c_prime ^ 2))
f_fey = 90.2486
beta_1 = 0.7017
alpha_1 = 0.6138
Moment strength at yielding of tension side steel
M_sy = A_s * f_sy * (d - beta_1 * c_y / 2);
M_fy = A_f * f_fey * (d_f - beta_1 * c_y / 2);
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% Total bending moment at yielding (N-mm)
M_y = M_sy + M_fy
M_y = 4.1477e+08
DETERMINE MOMENT AT PLATE-END (PE) DEBONDING
options = optimset( 'display', 'off', 'MaxFunEvals', 50000, 'MaxIter', 50000, 'TolFun', 1e10 );
M_db = fzero(@equ_Mdb, M_y, options)%(N-mm)
M_db = 5.3748e+08
DETERMINE STRAIN IN FRP AT PLATE-END (PE) DEBONDING
options = optimset( 'display', 'off', 'MaxFunEvals', 50000, 'MaxIter', 50000, 'TolFun', 1e10 );
e_db = fzero(@equ_edb, 0.2 * e_fu, options, c_y, f_fey, M_y, M_db);
DETERMINE STRESS IN FRP AT PLATE-END (PE) DEBONDING
f_fedb = e_db * E_f; %(MPa)
% Concrete stress block parameters
f_c_primeUS = f_c_prime * 145.037744; % psi
beta_1 = 0.85 - 0.05 * (f_c_primeUS - 4000) / 1000; % (Approximate estimate from ACI
318-11 code)
alpha_1 = 0.85;
DETERMINE DEPTH OF NEUTRAL AXIS AT PLATE-END (PE) DEBONDING
c_db = (A_s * f_y + A_f * f_fedb) / (alpha_1 * beta_1 * f_c_prime * b); %(mm)
DETERMINE STRAIN IN STEEL AT PLATE-END (PE) DEBONDING
e_sdb = e_db * (d - c_db) / (d_f - c_db);
DETERMINE STRAIN IN CONCRETE AT PLATE-END (PE) DEBONDING
e_cdb = e_db * c_db / (d_f - c_db);
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CHECK FOR DESIGN STRENGTH
M_n = M_db;
% Check for design strength
if(gt(phi * M_n, M_u))
display('2. Check for design strength: O.K.');
else
display('2. Check for design strength: N.G.');
end
2. Check for design strength: O.K.
CHECK FOR SERVICE STRESSES
Stress in rebar (MPa)
row_f = A_f / (b*d);
row_s = A_s / (b*d);
k_c = sqrt((row_s * (E_s / E_c)+ row_f * (E_f / E_c)) ^ 2 + 2 * (row_s * (E_s / E_c)+
row_f * (E_f / E_c)*(d_f / d))) - (row_s * (E_s / E_c)+ row_f * (E_f / E_c));
f_ss = ((M_s + e_bi * A_f * E_f * (d_f - k_c * d / 3)) * (d - k_c * d) * E_s) / (A_s * E_s
* (d - k_c * d / 3) * (d - k_c * d) +A_f * E_f * (d_f - k_c * d / 3) * (d_f - k_c * d));
% Check for rebar service stress
if(gt(f_ss, 0.8 * f_y))
display('3. Check for rebar service stress: N.G.');
else
display('3. Check for rebar service stress: O.K.');
end
3. Check for rebar service stress: O.K.
Stress in concrete (MPa)
f_cs = E_c * e_bi;
% Check for concrete service stress
if(gt(f_cs, 0.45 * f_c_prime))
display('4. Check for concrete service stress: N.G.');
else
display('4. Check for concrete service stress: O.K.');
end
4. Check for concrete service stress: N.G.
Stress in FRP (MPa)
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f_fs = (f_ss * (E_f / E_s) * ((d_f – k_c * d) / (d- k_c * d))) - e_bi * E_f;
% Check for FRP service stress % 0.55 is taken from ACI 440.2R table 10.1; for CFRP
0.55
if(gt(f_fs, 0.55 * f_fu))
display('5. Check for FRP service stress: N.G.');
else
display('5. Check for FRP service stress: O.K.');
end
5. Check for FRP service stress: O.K.
3. FUNCTIONS

function [ Result ] = equ_cy(c_y)
%Summary of this function
% Solves for depth of neutral axis at yielding of tension side steel
% through iterations
VARIABLE STATEMENT
global L b d h t_f b_f n_f d_f A_f A_s f_c_prime E_c e_cu f_y E_s e_y E_f f_fu e_fu...
M_n_0 M_u M_s phi n_s row I_cr gamma_Ln e_bi t A_c I_c l_e I_f n_frp B a y_c
G_c y_f G_f t_a b_a E_a G_a f_t;
STRAIN CALCULATIONS
e_fey = e_y * (d_f - c_y) / (d - c_y) - e_bi;% Strain increased in FRP due to yielding
e_cy = (e_fey + e_bi) * (c_y / (d_f - c_y));% Strain in concrete
e_sy = e_y;% Strain in rebar
STRESS CALCULATIONS
f_sy = f_y; % Stress in rebar (MPa)
f_fey = E_f * (e_fey + e_bi);% Stress in FRP (MPa)
e_c_prime = 1.7 * f_c_prime / E_c;% Concrete strain corresponding to compressive
strength
% Concrete Stress block parameters
beta_1 = (4 * e_c_prime - e_cy) / (6 * e_c_prime - 2 * e_cy);
alpha_1 = (3 * e_c_prime * e_cy - e_cy ^ 2) / (3 * beta_1 * (e_c_prime ^ 2));
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EQUILIBRIUM CHECK
Result = ((A_s * f_sy + A_f * f_fey) / (alpha_1 * f_c_prime * beta_1 * b)) - c_y;
%(mm)
end

function [ Result ] = equ_Mdb( M_db )
%Summary of this function
% Determines the moment corresponding to plate-end debonding from the
% proposed criterion.
VARIABLE STATEMENT
global L b d h t_f b_f n_f d_f A_f A_s f_c_prime E_c e_cu f_y E_s e_y E_f f_fu e_fu...
M_n_0 M_u M_s phi n_s row I_cr gamma_Ln e_bi t A_c I_c l_e I_f n_frp B a y_c
G_c...
y_f G_f t_a b_a E_a G_a f_t;
INTEGRATION OF INTERFACIAL STRESSES
n_dPE = 500;% Number of division of interval (0, l_e) for d_PE, an element at distance
d_PE = linspace(0, l_e, n_dPE)';
% Initiation of integral
sigma_ned = zeros(n_dPE, 1);
tau_ed = zeros(n_dPE, 1);
% Number of intervals for trapz()
n_x = 200;
%
for i = 1:n_dPE
x = linspace(0, l_e, n_x)';
theta_2 = atan((x - d_PE(i)) / t);
theta_3 = atan(d_PE(i) / t);
if(lt(d_PE(i), t))
theta_1 = theta_2 - theta_3;
else
theta_1 = theta_2 - pi() / 4;
end
tau_ed(i) = trapz(x, (fun_tau_UDL(x, M_db) .* (1 + cos(2 * theta_1)) .* sin(2 *
theta_2)) / (2 * pi() * t));
sigma_ned(i) = trapz(x, (fun_sigma_UDL(x, M_db) .* (1 + cos(2 * theta_1)) .* (1 +
cos(2 * theta_2))) / (2 * pi() * t));
%fun_tau_UDL(x, M_db) -> Interfacial shear stress expression from Smith & Teng,
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2001.
%fun_sigma_UDL(x, M_db) -> Interfacial normal stress expression from Smith & Teng,
2001.
end
DETERMINE MAXIMUM VALUE OF STRESSES
tau_edmax = max(tau_ed); %(MPa)
sigma_nedmax = max(sigma_ned); %(MPa)
DETERMINE FLEXURAL STRESSES
b_fe = n_frp * b_f;% Transformed width of FRP (mm)
A_fe = n_frp * A_f;% Transformed area of FRP (mm^2)
% Using transformed area method for N.A. position
% check this link out: http://www.ecourses.ou.edu/cgibin/ebook.cgi?doc=&topic=me&chap_sec=06.1&page=theory% Determine N.A. depth
(mm)
d_NA = (A_c * (h / 2) + A_fe * (h + t_a + t_f / 2)) / (A_c + A_fe);
% Calculate moment of inertia of transformed area (mm^4)
I_e = I_c + I_f * n_frp + A_c * ((d_NA - h / 2) ^ 2) + A_fe * ((t_a + h + t_f / 2 - d_NA) ^
2);
q_db = 8 * M_db / ((L) ^ 2);% q (N/mm)
M_dba = q_db * a * (L - a) / 2;
sigma_x = M_dba * (h - t - d_NA) / I_e;% Flexural stress at fracture depth t (MPa)
DETERMINE MAXIMUM PRINCIPAL STRESS
sigma_1d = (sigma_nedmax + sigma_x) / 2 + sqrt(((sigma_nedmax - sigma_x) / 2) ^ 2 +
tau_edmax ^ 2); %(MPa)
CRITERION CHECK
Result = sigma_1d - 0.5 * f_t; %(MPa)
end

function [ sigma ] = fun_sigma_UDL( x, M )
% Summary of this function
% Interfacial normal stress expression from Smith & Teng, 2001.
VARIABLE STATEMENT
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global L b d h t_f b_f n_f d_f A_f A_s f_c_prime E_c e_cu f_y E_s e_y E_f f_fu e_fu...
M_n_0 M_u M_s phi n_s row I_cr gamma_Ln e_bi t A_c I_c l_e I_f n_frp B a y_c
G_c...
y_f G_f t_a b_a E_a G_a f_t;
INTERMEDIATE VALUES
q = 8 * M / (L ^ 2);% q (N/mm)
% beta
beta = (((1 / (E_c * I_c)) + (1 / (E_f * I_f))) * E_a * b_f / (4 * t_a)) ^ (1 / 4);
% n_3
n_3 = E_a * b_f * (y_c / (E_c * I_c) - y_f / (E_f * I_f)) / t_a;
% n_1
n_1 = (y_c * E_f * I_f - y_f * E_c * I_c) / (E_c * I_c + E_f * I_f);
% n_2
n_2 = E_f * I_f / (b_f * (E_c *I_c + E_f * I_f));
% C_1
% Boundary conditions
V_T0 = q * (L - 2 * a) / 2; % N
M_T0 = q * a * (L - a) / 2; % N-mm
C_1 = (V_T0 + beta * M_T0) * E_a / (2 * (beta ^ 3) * t_a * E_c * I_c) - n_3 *
fun_tau_UDL(0, M) / (2 * (beta ^ 3))...
+ n_1 * (fun_tau_dx4(0, M) + beta * fun_tau_dx3(0, M)) / (2 * (beta ^ 3));
% C_2
C_2 = (-1) * E_a * M_T0 / (2 * (beta ^ 2) * t_a * E_c * I_c) - n_1 * fun_tau_dx3(0, M) /
(2 * (beta ^ 2));
DETERMINE SIGMA (INTERFACIAL NORMAL STRESS)
sigma = exp((-1) * beta * x) .* (C_1 * cos(beta * x) + C_2 * sin(beta * x)) - n_1 *
fun_tau_dx(x, M) - n_2 * q;%(MPa)
%
end

function [ tau ] = fun_tau_UDL( x, M )
% Summary of this function
% Interfacial shear stress expression from Smith & Teng, 2001.

VARIABLE STATEMENT
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global L b d h t_f b_f n_f d_f A_f A_s f_c_prime E_c e_cu f_y E_s e_y E_f f_fu e_fu...
M_n_0 M_u M_s phi n_s row I_cr gamma_Ln e_bi t A_c I_c l_e I_f n_frp B a y_c
G_c...
y_f G_f t_a b_a E_a G_a f_t;
INTERMEDIATE VALUES
lambda = sqrt((G_a * b_f / t_a) * ((y_c + y_f) * (y_c + y_f + t_a) / (E_c * I_c + E_f *
I_f) + 1 / (E_c * A_c) + 1 / (E_f * A_f)));
% m_1
m_1 = G_a * ((y_c + y_f) / (E_c * I_c + E_f * I_f)) / (t_a * lambda);
% m_2
m_2 = G_a * y_c / (t_a * E_c * I_c);
% q (N/mm)
q = 8 * M / (L ^ 2);
DETERMINE TAU (INTERFACIAL SHEAR STRESS)
tau = (m_2 * a *(L - a) / 2 - m_1) * (q * exp((- 1) * lambda * x)) / lambda + m_1 * q * (L
/ 2 - a - x);
%tau = m_2 * P * b * exp((-1) * lambda * x) / lambda;
%
end

function [ tau_dx ] = fun_tau_dx( x, M )
% Summary of this function
% Expression for Interfacial shear stress differentiated once (from Smith & Teng, 2001).
VARIABLE STATEMENT
global L b d h t_f b_f n_f d_f A_f A_s f_c_prime E_c e_cu f_y E_s e_y E_f f_fu e_fu...
M_n_0 M_u M_s phi n_s row I_cr gamma_Ln e_bi t A_c I_c l_e I_f n_frp B a y_c
G_c...
y_f G_f t_a b_a E_a G_a f_t;
INTERMEDIATE VALUES
lambda = sqrt((G_a * b_f / t_a) * ((y_c + y_f) * (y_c + y_f + t_a) / (E_c * I_c + E_f *
I_f) + 1 / (E_c * A_c) + 1 / (E_f * A_f)));
% m_1
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m_1 = G_a * ((y_c + y_f) / (E_c * I_c + E_f * I_f)) / (t_a * lambda);
% m_2
m_2 = G_a * y_c / (t_a * E_c * I_c);
% q (N/mm)
q = 8 * M / (L ^ 2);
DETERMINE TAU_dx
tau_dx = (- lambda) * (m_2 * a *(L - a) / 2 - m_1) * (q * exp((- 1) * lambda * x)) /
lambda + m_1 * q * (- 1);
%tau = m_2 * P * b * exp((-1) * lambda * x) / lambda;
%
end

function [ tau_dx2 ] = fun_tau_dx2( x, M )
% Summary of this function
% Expression for Interfacial shear stress differentiated twice (from Smith & Teng,
2001).
VARIABLE STATEMENT
global L b d h t_f b_f n_f d_f A_f A_s f_c_prime E_c e_cu f_y E_s e_y E_f f_fu e_fu...
M_n_0 M_u M_s phi n_s row I_cr gamma_Ln e_bi t A_c I_c l_e I_f n_frp B a y_c
G_c...
y_f G_f t_a b_a E_a G_a f_t;
INTERMEDIATE VALUES
lambda = sqrt((G_a * b_f / t_a) * ((y_c + y_f) * (y_c + y_f + t_a) / (E_c * I_c + E_f *
I_f) + 1 / (E_c * A_c) + 1 / (E_f * A_f)));
% m_1
m_1 = G_a * ((y_c + y_f) / (E_c * I_c + E_f * I_f)) / (t_a * lambda);
% m_2
m_2 = G_a * y_c / (t_a * E_c * I_c);
% q (N/mm)
q = 8 * M / (L ^ 2);
DETERMINE TAU_dx2
tau_dx2 = (- lambda) ^ 2 * (m_2 * a *(L - a) / 2 - m_1) * (q * exp((- 1) * lambda * x)) /
lambda;
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%tau = m_2 * P * b * exp((-1) * lambda * x) / lambda;
%
end

function [ tau_dx3 ] = fun_tau_dx3( x, M )
% Summary of this function
% Expression for Interfacial shear stress differentiated thrice (from Smith & Teng,
2001).
VARIABLE STATEMENT
global L b d h t_f b_f n_f d_f A_f A_s f_c_prime E_c e_cu f_y E_s e_y E_f f_fu e_fu...
M_n_0 M_u M_s phi n_s row I_cr gamma_Ln e_bi t A_c I_c l_e I_f n_frp B a y_c
G_c...
y_f G_f t_a b_a E_a G_a f_t;
INTERMEDIATE VALUES
lambda = sqrt((G_a * b_f / t_a) * ((y_c + y_f) * (y_c + y_f + t_a) / (E_c * I_c + E_f *
I_f) + 1 / (E_c * A_c) + 1 / (E_f * A_f)));
% m_1
m_1 = G_a * ((y_c + y_f) / (E_c * I_c + E_f * I_f)) / (t_a * lambda);
% m_2
m_2 = G_a * y_c / (t_a * E_c * I_c);
% q (N/mm)
q = 8 * M / (L ^ 2);
DETERMINE TAU_dx3
tau_dx3 = (- lambda) ^ 3 * (m_2 * a *(L - a) / 2 - m_1) * (q * exp((- 1) * lambda * x)) /
lambda;
%tau = m_2 * P * b * exp((-1) * lambda * x) / lambda;
%
end

function [ tau_dx4 ] = fun_tau_dx4( x, M )
% Summary of this function
% Expression for Interfacial shear stress differentiated four times (from Smith & Teng,
2001).
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VARIABLE STATEMENT
global L b d h t_f b_f n_f d_f A_f A_s f_c_prime E_c e_cu f_y E_s e_y E_f f_fu e_fu...
M_n_0 M_u M_s phi n_s row I_cr gamma_Ln e_bi t A_c I_c l_e I_f n_frp B a y_c
G_c...
y_f G_f t_a b_a E_a G_a f_t;
INTERMEDIATE VALUES
lambda = sqrt((G_a * b_f / t_a) * ((y_c + y_f) * (y_c + y_f + t_a) / (E_c * I_c + E_f *
I_f) + 1 / (E_c * A_c) + 1 / (E_f * A_f)));
% m_1
m_1 = G_a * ((y_c + y_f) / (E_c * I_c + E_f * I_f)) / (t_a * lambda);
% m_2
m_2 = G_a * y_c / (t_a * E_c * I_c);
% q (N/mm)
q = 8 * M / (L ^ 2);
DETERMINE TAU_dx4
tau_dx4 = (- lambda) ^ 4 * (m_2 * a *(L - a) / 2 - m_1) * (q * exp((- 1) * lambda * x)) /
lambda;
%tau = m_2 * P * b * exp((-1) * lambda * x) / lambda;
%
end

function [ Result ] = equ_edb( e_db, c_y, f_fey, M_y, M_db )
%Summary of function
%..Solves for strain in FRP at plate-end (PE) debonding through
%iterations.
VARIABLE STATEMENT
global L b d h t_f b_f n_f d_f A_f A_s f_c_prime E_c e_cu f_y E_s e_y E_f f_fu e_fu...
M_n_0 M_u M_s phi n_s row I_cr gamma_Ln e_bi t A_c I_c l_e I_f n_frp B a y_c
G_c...
y_f G_f t_a b_a E_a G_a f_t;
CHANGE IN MOMENT STRENGTH FROM YIELDING TO PLATE END (PE)
DEBONDING
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M_x = M_db - M_y;% N-mm
f_c_primeUS = f_c_prime * 145.037744; % psi
beta_1 = 0.85 - 0.05 * (f_c_primeUS - 4000) / 1000;% beta_1
alpha_1 = 0.85;% alpha_1
f_fe = e_db * E_f; %Stress in FRP at Plate-end (PE) debonding
c = (A_s * f_y + A_f * f_fe) / (alpha_1 * beta_1 * f_c_prime * b);
CHECK
Result = M_x - A_s * f_y * (beta_1 * (c_y - c) / 2) - A_f * (d_f * (f_fe -f_fey) - beta_1 *
(c * f_fe - c_y * f_fey) / 2);
end
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